Abstract. The development of bulk high-temperature superconductors (HTSs) and their applications has today come to a point where the mechanical response to high magnetic fields may be more important than their critical-current density and large-grain property. Reviewed in this article are the recent studies of the magneto-elastic effects which are caused by flux pinning in the superconductors. This includes the work on the giant irreversible magnetostriction and internal stress, which often cause fatal cracking of the HTS bulks as they become magnetized. The cracking is a problem that today accompanies the quest for the highest trapped field values, and the latest development in this area is also presented. While the first part is an overview of experimental efforts, the second summarizes the work done to model the pinning-induced stress and strain under various magnetic and geometrical conditions.
Introduction
When a type-II superconductor is exposed to an increasing magnetic field above H c1 the mixed state is established, and the flux lines seek a distribution in equilibrium with the reigning conditions. Normally, the material will contain crystal defects capable of pinning the flux lines, which then become impeded in their motion. The resulting quasi-static flux distribution is therefore non-uniform, and governed by the maximum force generated by the pinning centres. If the pinning is strong, the magnetic behaviour becomes highly irreversible, and the critical-state model provides an excellent description, as verified in countless papers. At the same time as the pinning force acts on a flux line, an equally large force is transferred to the crystal lattice where the pinning centres are embedded. As a collective result of all these body forces, the material will undergo a macroscopic mechanical deformation. Direct evidence for this physical mechanism was presented in 1993 when Ikuta et al [1] discovered that single crystals of Bi 2 Sr 2 CaCu 2 O 8 deform by dilatations L/L exceeding 10 −4 in response to magnetic fields of a few tesla. They named it flux-pinning-induced magnetostriction, and the above scenario was used convincingly to explain the newfound giant magneto-elastic effect.
Prior to this discovery, the magnetostrictive behaviour of superconductors had already been studied by several † Present address: Texas Center for Superconductivity, University of Houston, Houston, TX 77204, USA.
groups. Both conventional superconductors as well as high-T c cuprates were investigated. However, the deformations were reported to be relatively small, typically L/L ∼ 10 −7 -10 −6 , and only moderate attention was paid to the phenomenon. Nonetheless, advanced models based on thermodynamic arguments were developed and successfully applied in many cases. Excellent summaries of that work can be found elsewhere [2] [3] [4] . In the present overview the focus is set on effects that are caused by the pinning-induced body force, which by its nature can generate very large and irreversible deformations.
In today's intense research on bulk high-T c superconductors (HTSs) one sees that experimentation with new compounds and synthesis routes steadily creates materials with improved flux pinning properties. As an inevitable consequence their magneto-elastic behaviour has become an increasingly important issue. In fact, in the currently produced centimetre-sized single-domain HTS bulks with strongest pinning, i.e. highest critical current density, the pinninginduced strain can be so huge that it threatens the mechanical stability of the material [5] . In magnetization processes where large fields are applied the result can often be seen as a complete disruption of the monolithic blocks. When the damage is less obvious an internal fracturing can still be detected by measuring irregularities in the flux distribution trapped by the sample after the applied field is removed. Therefore, in the community today major efforts are directed towards improvements in the mechanical performance of HTS bulks in the presence of high magnetic fields. Moreover, it is now being recognized that for many of the promising applications of bulk HTSs the limiting factor is no longer the magnitude of the critical current density, but the mechanical strength against the body force caused by flux pinning.
The measured irreversible magnetostriction, and the field-induced cracking as revealed in the maps of trapped flux are two manifestations of the same basic magnetoelastic phenomenon. A correct quantitative interpretation of such experiments relies on realistic models describing the stress-strain response of solids subjected to the nonuniform body force that is generated during a chosen magnetization process. In a given magnetized state the material can experience both tensile and compressive forces acting simultaneously on different parts of the sample. Hence, questions like 'Where in the bulk can we expect the maximum tension to occur?' and 'What influence has the sample shape on the magnitude and type of the deformation?' point at typical problems that are of great practical importance. Fortunately, the modelling work has also shown considerable progress recently, and answers to many such questions are now available [5] [6] [7] .
In this article I review the latest achievements both experimentally and theoretically in areas related to pinninginduced stress and magnetostriction in superconductors. The paper is organized as follows. Section 2 gives an overview of recent measurements characterizing the field trapping capabilities of bulk HTSs. The close relationship between the trapped field and the tensile stress in the superconductor is pointed out. The methods used today to reduce the cracking problem are also mentioned. Section 3 reviews the experiments that have revealed a number of interesting features in the magnetostrictive behaviour of superconductors before severe cracking sets in. In section 4, the work on the theoretical modelling of the stress and strain is presented. The main results obtained for various geometrical cases are summarized. Finally, some concluding remarks are given in section 5.
Trapped field and cracking
One of the most promising applications of bulk HTSs is to make use of their ability to trap large magnetic fields, i.e. to serve as quasi-permanent magnets. To energize an HTS magnet two routes are commonly used: (i) field-cooling to a temperature well below T c , followed by removal of the applied field, and (ii) zero-field-cooling with subsequent ramping of the field up to some maximum value and then back to zero (pulsed field activation). In either case, provided that the maximum field was sufficiently high, the remanent state contains the critical current density J c throughout the volume. Such an HTS, when shaped as a circular cylinder of radius R, thickness t and magnetized normal to the flat faces, see figure 1 , will ideally have a surface field B 0 at the face centre given by [8] 
where B p = µ 0 J c R is the Bean-model full penetration field. 'Ideally' means here that a field-independent J c flows in circular paths, which requires that the HTS is free of weak links and other defects which could perturb the current flow. The formula shows that the field from an HTS magnet is not only proportional to J c , but also grows linearly with the diameter when the sample is reasonably thick (for t R one has B 0 B p /2). This scaling with the diameter gives the HTS magnets an immediate advantage over conventional permanent magnets (PMs), where the field can be considered as due to a surface current. For a homogeneous cylindrical PM magnetized axially with remanent induction B r , one has on the face centre a field equal to
and B 0 actually goes down with increasing R. Also for other practical applications of bulk HTSs, such as magnetic levitators, rotational bearings, motor components etc [9] [10] [11] [12] , it is crucial to have a high J c flowing in large loops so that strong magnetic moments are generated. Evidently, a most informative way to characterize those superconductors is to measure their trapped field distribution. For this purpose a Hall sensor is usually scanned at a minimum distance above the surface of the full-sized monolithic block. The maximum surface field, B 0 , measured in the remanent state at 77 K has become the figure-of-merit in the context of most bulk applications [13] .
The magnitude of the pinning-induced tensile stress in a fully magnetized cylindrical superconductor is given by
i.e. the tension grows with the square of the trapped field value, see section 4.4. Hence, as researchers are rewarded by steadily achieving higher trapped fields in their bulk material, there is a downside in that the pinning-induced stress, and thereby the probability for cracking, increases even more. This dilemma represents one of the greatest challenges for developments of viable high-field application of HTS bulks. The figure-of-merit B 0 (77 K) for an individual disk or tile made from the best materials available today can be larger than 1 T. These bulks are often made of YBa 2 Cu 3 O 7−δ (Y123), where top-seeded melt-textured growth can produce large blocks containing strong pinning centres and only small-angle grain boundaries [14] [15] [16] [17] , which essentially remove the weak link problem of the earlier sintered polycrystalline samples. For such a single-domain disk, 26 mm in diameter and grown using a Sm123 seed crystal, a B 0 (77 K) = 1.1 T was recently reported [18] . The Y123 material was prepared here with a small amount (<1 wt%) of Zn-doping and a certain deficiency of oxygen, which at 77 K gives a second peak (fishtail) effect with J c (B) enhanced around B = 1-2 T. The same advantageous peak effect is also found in the LRE123, (LRE = light rare earths; Nd, Sm, Eu, Gd), where it is even more pronounced when the compound is properly melt-processed in a reduced oxygen atmosphere [19, 20] . For 36 mm diameter disks of Sm123 the impressive B 0 (77 K) = 1.7-2.1 T have been demonstrated [21, 22] . Very recently, a figure in the same range was reported for a similar disk of Gd123 [23] . In all these cases the HTS has the c-axis normal to the disk.
At lower temperatures, J c can increase dramatically and the HTS bulks trap even much higher fields. The present record is B 0 = 11.4 T at 17 K, which was obtained for a Y123 disk only 26 mm in diameter and 12 mm thick [18] . Considerable J c enhancement can also be achieved by irradiation methods or by fission of doped uranium. After such treatment, trapped fields near 10 T were reported several years ago for mini-magnets consisting of stacks of single tiles [24] [25] [26] . In comparison, the very strong PMs made of Nd-Fe-B give at the most only B 0 0.5 T.
From equation (3) it follows that already at B 0 = 3 T the remanent state tension in a superconductor becomes [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] MPa. This value equals the typical tensile strength of the currently produced melt-processed HTS materials. Adding to the picture the fact that the stress can grow much higher during the magnetization process [5, 6, 27] , one realizes how easily one meets the cracking problem. Shown in figure 2 is a measured trapped field map giving evidence for fracturing that was caused by magnetic activation [28] . The sample here was a 24 mm single-domain disk of Y123, which after being magnetized in an 18 T external field at 51 K developed a crack along the plane indicated in the inset. In effect, the sample became divided into two, where after cracking the persistent current flows in separate loops in the two sub-parts. This is why the field-map displays two distinct cones, both of them much smaller in peak value than the single cone would have been for an intact disk. It must be added here that the disk was fully intact after similar activations at higher temperatures, because then J c and the corresponding stresses were not so high.
Top-seeded melt-grown RE123 (RE = Y and rare earth elements) bulks are not compact, but contain lots of microscopic pores originating from gas release during the growth process [29, 30] .
Also extensive microcracking along the ab-plane is a common ingredient in the Figure 2 . Map of the trapped field on the surface of a Y123 disk magnetically activated at 51 K by a 18 T field. The double peak shows that a major crack, indicated in the inset, was created at some stage during the activation. Data from Fuchs et al [28] .
microstructure. The cracks are formed due to the difference in the thermal expansion coefficient between the 123 matrix and the finely dispersed 211 (422) particles, which are nonsuperconducting and act as flux pinning centres. Recent studies have clarified how the micro-cracking is influenced by the amount and size of the 211 inclusions [31, 32] . Yet another mechanism for cracking is the strains produced by large temperature gradients during cooling of the bulks. Estimates of such thermal stresses yield values near 20 MPa for a cooling rate of 100
• C h −1 [33] . Unfortunately, all the microscopic pores and cracks, although being crucially important for the oxygenation of the bulks, reduce severely the overall mechanical strength of the material.
A few RE123 materials have been investigated for their strength under tension and compression. To give precise values is difficult because there is a large scatter in the reported numbers. They vary between different samples and also between different portions of the same bulk [34] , reflecting a substantial non-uniformity. One finds for Y123 that typically a tensile stress of 25 MPa is sufficient to create major cracking [28] . In Sm123 nearly the same tensile strength has been observed [40] . To improve the mechanical stability further one has found that several measures can be beneficial.
One of them is to include ductile Ag in the inherently brittle HTS matrix. This is done by having pure Ag or Ag 2 O added to the precursor powder. It has been shown that for Y123 this increases the tensile strength into the range 30-70 MPa [35] [36] [37] [38] . Very new measurements on Y123 with 20 wt% Ag addition suggest that values even exceeding 100 MPa are achievable [39] . In the same work the authors showed that adding Ag also improves the mechanical properties of Sm123, although its tensile strength was inferior to that of Y123. In Sm123/Ag a further improvement was recently reported. Melt-processing in a pure oxygen atmosphere instead of a low oxygen partial pressure gave a 30% increase of the tensile strength, which was explained as due to the reduction found in the pore density [40] . The average tensile strength of a dense Sm123/Ag bulk reached 48 MPa in this way. Unfortunately, the pure oxygen treatment also caused some degradation in the superconducting properties. In fact, it has been observed in several RE123 that even the Ag additions, when the fraction becomes too large, reduces the field-trapping capability [18, 21, 41] . It is therefore strongly believed today that a considerable potential exists for further improvements by optimizing the sample preparation conditions. An external action aimed at reducing cracking is to attach a metal ring firmly around the HTS disk [18, 42] . Examples of such enforcement, applied with great success are shown in figure 3 . Here, a tube of stainless steel contains one or more Y123 disks, and the small uneven space between the tube and disk is filled with Stycast epoxy. It is also important here that the steel tube produces a bias compressive stress on the disk after cooling from 300 K and down to the working temperature below T c . This is due to the higher coefficient of thermal expansion of steel compared with that of Y123 in the ab-plane. In the figure the longer tube (right) contains two Y123 disks separated by a vertical gap, and it was demonstrated very recently that at 22 K the field trapped in the gap could be as large as 14.35 T [18] .
R123
Even without the metal casing, the use of a resin to fill the pores near the surface of the HTS bulk can improve the mechanical properties. In a recent report [44] , a process leading to a resin impregnation of the HTS was described. The superconductor was immersed in a molten resin while the gas in the pores was driven out by pumping vacuum. To avoid cracking due to mismatch of thermal expansivity of the resin and the HTS, an optimum amount of filler was added to the resin. As a result, it was found that when the same HTS sample was repeatedly activated by a large magnetic field, the stability of the field trapping capability was dramatically improved for the impregnated bulks.
The ability of the RE123 to withstand compressional stress is far better than under tension. Values for the compressional strength in the range of 2-600 MPa have been measured for Y123 [45] . So far, major cracking due to pinning-induced compressive stress has not been reported.
Pinning-induced magnetostriction
A number of experimental techniques allow measurements of magnetostriction [4] . In principle, any device capable of detecting external dilatations of a solid, or the internal strains of the crystal lattice can be used. In recent years, the latter type of observation, which includes x-ray or neutron crystallographic methods, has rarely been applied to study magnetostriction in superconductors. Two dilatometric approaches have been dominant, namely (i) using a capacitive displacement transducer of suitable design, or (ii) having a resistive strain gauge cemented onto the sample surface.
A capacitance dilatometer generally operates by arranging the sample so that its end-to-end size, L, determines the gap between two capacitor plates. The expansion or contraction, L, is detected by measuring capacitance variations with the sensor being placed in the arms of an ac bridge connected to a lock-in amplifier. Sensititivities far below 10 −10 m can be obtained with such dilatometer cells [46] [47] [48] .
The strain gauge method, which in general is less sensitive, allows a more compact design for measurements carried out in high magnetic fields and at low temperatures. Even several strain gauges, sensitive to the dilatation in different directions, can be mounted simultaneously if the sample is sufficiently large [39] . A difficulty may exist, however, in finding the proper adhesive which ensures a perfect mechanical contact between the superconductor and the resistance element. The influence of a strong magnetic field on the bare strain gauge signal is also of concern. Strain gauges specially designed for cryogenic and high-field conditions have been used to measure magnetostriction in HTSs with a resolution of 10 −8 m [49] . Shown in figure 4 is a typical magnetostriction hysteresis loop of an HTS during a full cycle of the applied field B a . Prior to these measurements the sample, a single crystal of Bi2212, was zero-field cooled to 4.8 K. The field was applied along the crystalline c-axis, while L/L was measured in the transverse direction. When the field is initially increased one sees that L/L gradually decreases, and the contraction soon becomes a nearly linear function of the field. At 6 T, when the field starts to decrease, the dilatation rapidly changes sign, i.e. the contraction turns into an expansion, which grows to a maximum value at an intermediate field. Coming back to B a = 0 one finds a considerable remanent expansion. Continuing on to negative fields to complete a full cycle, the magnetostriction traces out what in total becomes a double loop possessing the symmetry
As in magnetization loops, the initial (virgin) branch always differs from the main curve, but merges smoothly onto it after a certain field is reached. The strongly irreversible behaviour of the magnetostriction showing such a clear similarity to magnetization hysteresis loops led Ikuta et al [1] to seek a quantitative explanation in terms of flux pinning and the critical-state model [50] . They chose to treat the superconductor as an infinite slab, and the magneto-elastic response was calculated from a simple onedimensional force analysis, see figure 5 . Modelling the body force as the Lorentz force density, f = J c B = −µ −1 0 B (x)B, and requiring static equilibrium, f + σ (x) = 0, it follows that the stress in the slab is distributed according to
a , where B(x) is the local flux density. With the elastic strain given by e(x) = σ (x)/c, where c is an elastic constant, the transverse dilatation of the slab,
The formula allows the dilatation to be calculated directly from the flux density profile.
With B(x) following irreversibly the variations in B a as prescribed by the criticalstate model, the authors showed that equation (5) fully reproduces the shape of the measured magnetostriction loop.
Also the large magnitude of the dilatation finds an elegant explanation in this analysis. Experiments performed at higher temperatures show that the magnetostriction decreases in overall magnitude as expected from the temperature dependence of J c . Moreover, by changing the temperature, the field dependence of J c also becomes different, and a corresponding variety in shapes of the magnetostriction loop has been observed [1, 51] .
Historically, the very first measurement of magnetostriction in HTSs was published quite soon after their discovery. In 1988 du Tremolet de Lacheisserie et al [52] observed dilatations of the order of 10 −6 in fields up to 1 T in sintered Y123. Shortly after, Braden et al [53] reported similar and more extensive experiments in fields up to 5 T. Although the effect was relatively small in magnitude, the plots of L/L versus field presented in those papers leave little doubt that those authors also observed a magnetostriction strongly dominated by the flux-pinning-induced mechanism. The small dilatation in the sintered polycrystalline pellets can be attributed to the presence of weak links between grains, quite analogous to why the vertical width of magnetization loops is small in those materials. A simplified example can serve as an illustration. Consider the magnetostriction of a collection of cylindrical grains kept in mechanical contact, but completely disconnected electromagnetically. The field is applied parallel to the cylinder axes, see figure 6. After the field has been increased beyond full flux penetration, B a > B p , the pinning-induced mechanism predicts that the radius of one isolated cylinder decreases according to [6, 54] 
Here E is Young's modulus and ν Poisson's ratio, and J c is assumed to be field independent. Since the total L/L equals R/R it follows that the transversal contraction of the 'granular material' grows with B a at a rate proportional to the 'grain size' R. With the relatively minute grain size of the sintered HTSs the magnetostriction becomes correspondingly small. Early investigations [52, 53] also reported measurements of the magnetostriction parallel to the field direction. They showed that when a sample contracts transversely, the parallel dimension expands, and vice versa. Moreover, the two R125 T H Johansen Temporal relaxation of the dilatation in a LaSrCuO crystal at constant fields of 2, 4 and 6 T. After a halt in the field sweep the decay is logarithmic for 4 and 6 T. In a certain field range on the ascending field branch an overshoot will occur, as seen clearly in the graph for 2 T. Data from [67] .
dilatations are nearly equal in magnitude. Interestingly, this quantitative result is also consistent with the pinning-induced magnetostriction of a cylinder, where it has been shown [6] that the parallel and transversal dilatations are related by
The proportionality factor containing ν is close to unity for reasonable values of the Poisson ratio. The inter-granular screening currents in sintered superconductors cannot always be neglected, especially at low temperatures and small magnetic fields. In recent experiments their role in the magnetostrictive behaviour has been well documented [49, 55] , and attempts were made to separate the inter-and intra-granular contributions to the dilatation. The role of Josephson weak links in the magneto-elastic properties of HTS ceramics has also been discussed [56] .
In addition to Y123 and Bi2212, the flux-pinninginduced magnetostriction has been measured in a number of other superconductors. Examples of other high-T c compounds that have been studied are (La 1−x Sr x ) 2 CuO 4 [57, 58] [49] and a series of different RE123 [59, 60] .
Recently, the borocarbide YNi 2 B 2 C was also shown to display the same characteristic magnetostrictive behaviour [61] . For this material, which is a type-II superconductor with a relatively low H c2 , the L/L could be studied in the whole superconducting region of the B-T phase diagram.
The similarities in the hysteretic behaviour of the pinning-induced magnetostriction and magnetization are indeed striking, and one sees from equation (5) that the expression for the magnetostriction is like a second-order magnetization. It is therefore not surprising that other characteristic features of the magnetization also have their parallel in the magneto-elastic behaviour.
One such effect is a slow relaxation [62] of the magnetostriction with time after a field sweep is suddenly stopped. This behaviour has been reported by several authors [63] [64] [65] [66] , where in most cases the observed relaxation is monotonous, close to a logarithmic decay with time. However, in a study of the relaxation in a (La 1−x Sr x ) 2 CuO 4 (x = 0.07) single crystal at 5 K an unusual non-monotonous behaviour was found along the increasing-field branch [67] . After stopping the sweep at B a = 2 T, the contraction continued to increase for another 200 s before it began to decline in magnitude, see figure 7. The overshoot was neatly explained by pointing out that the magnetostriction relaxation is governed by the decay of two terms that can have opposite sign. Approximating the behaviour by an effective Bean model with a time-dependent average current density J , this can be seen by rewriting equation (6) as
During field ascent this expression is valid not only for B a > B p , but also for B a < B p provided that the magnetic prehistory (large negative field) has already given full penetration of the current. It follows that with B a fixed and J (t) decaying, an overshoot will indeed appear in the relaxation if the condition B a < µ 0 RJ (0)/2 holds. The experiments also showed that the unusual behaviour quite consistently disappeared at fields much above 2 T on the ascending field branch. Furthermore, a relaxation with overshoot was not observed when the field was decreased, in full agreement with the model since both terms then contribute with the same sign. 'Flux jumps' is another phenomenon which has been studied extensively by magnetization measurements, see, for example, [68] . This is a well known thermo-magnetic R126 Pinning-induced stress and strain in HTS bulks d -l i n e f B a J c Figure 9 . Pinning-induced body force associated with a filament of shielding current in a superconductor with rectangular cross section. The discontinuity lines (d-lines) extending from the corners divide the volume into four regions, each containing only parallel forces. Shown in the lower figure is the expected type of deformation of the cross sectional area [7, 72] .
instability originating from the competition between the heat dissipated during flux motion and the magnetic shielding offered by a J c which decreases when the temperature is raised [69] . In magnetostriction, as in magnetization, sudden avalanches of flux motion can be seen as abrupt steps in the hysteresis loop, as shown in figure 8 . Seen in the figure is the magnetostrictive behaviour of a La 1.85 Sr 0.15 CuO 4 single crystal in fields up to 12 T applied along the c-axis [51] . The flux jumps occur along both branches of the hysteresis loop, where they all end up at L/L 0, indicating that for a short period the shielding current became vanishingly small due to a sudden temperature rise. The number of jumps goes down with increasing temperatures, and at 8.5 K and above the hysteresis loop is free from abrupt steps. This is mainly due to a stabilization offered by a specific heat that rapidly increases with temperature. Detailed theoretical analyses of magnetostriction loops containing flux jumps were presented recently [70, 71] .
The force balance considerations which lead to equation (5) represent a very simplified analysis of the pinning-induced stress-strain behaviour. In a more realistic description one must account for the fact that the body force
is never uni-directional, not even in the ideal case of long samples with negligible demagnetization. To illustrate this point, consider the behaviour of the B-field and current in the cross sectional plane of a rectangular slab, see figure 9 . When the external field B a is applied (out of the paper plane) the flux penetrates equally from all the edges, and induces shielding currents that flow in loops which are equidistant from the external boundary. Near the corners the current bends abruptly by 90
• along the so-called discontinuity lines (d-lines). The body force, f , associated with one such current filament is indicated in the figure. From the construction of the current loops the cross sectional area is divided into four regions, each containing parallel forces. As a consequence, the two triangular end sections will act as a wedge pressing itself into the slab when the force is compressive. Near Figure 10 . A superconductor loaded by transversal forces f ; a plane strain problem. The elastic response is considered as a superposition of two deformations. In step 1, the superconductor is confined between two perfectly smooth and rigid planes, and the forces create purely transversal displacements. In step 2, a uniform stress is added to compensate for the axial stress built up in step 1, thereby recovering the condition of free end faces.
the ends this causes deformations of the type illustrated in the lower figure. In other states of magnetization the body force will point outwards, and the deformation will be a corresponding convex distortion of the original shape.
In the remaining sections of this article we will review the more recent work done to model the full three-dimensional magneto-elastic behaviour in various geometries. We start by the simplest case of an isotropic circular cylinder, where the body force has axial symmetry and the shape is conserved. After considering both a solid and hollow cylinder, we go on to the results obtained for a rectangular slab. Finally, the consequence of having sharp corners is discussed by reviewing the shape distortion predicted for a prismatic body with square cross section.
Modelling

Plane strain approach
In its present form, the pinning-induced magnetostriction model represents a decoupled magneto-elastic problem, which can be solved by first determining the flux and current distributions in a given magnetized state, and thereafter finding the stress and strain produced by the body force, equation (9) . Whereas the flux penetration part is a familiar task within the framework of the critical-state model, a quite new challenge lies in the elasticity part of the problem.
Assuming that the deformations are well below the fracture limit of the material, one is allowed to use linear elasticity theory. Here, a standard approach already exists to treat long cylindrical or prismatic bodies loaded with only transversal forces which are distributed equally along the length of the body. For long superconductors placed in a parallel magnetic field the body force distribution complies with these requirements, and the applicability of this approach was demonstrated quite recently [6, 7] . The analysis of such so-called plane strain problems is performed in two stages, as illustrated in figure 10 for the case of a free-standing cylindrical superconductor. First, let both end faces be confined between fixed and perfectly smooth planes, R127 so that longitudinal displacements are prevented. All cross sections are then in the same condition, and it is sufficient to consider the transversal displacement within a slice of the material. Once this is obtained the condition of free end faces is recovered by superimposing a stress opposite to the longitudinal stress built up by the confinement. In this step 2, the applied stress σ z is uniform and has a magnitude equal to the cross sectional average of the σ z (r) from step 1. In other words, if the confinement gives a compressive average, then σ z ≡ − σ z is tensile, and vice versa. The net longitudinal stress becomes zero, and according to SaintVenant's principle the procedure gives the correct resultant elastic state except for local deviations close to the end faces [73] .
Circular cylinder
Consider a long cylindrical superconductor that behaves magnetically according to the critical-state model with any B dependence of j c . In the plane normal to the cylinder axis the magnetic properties are assumed isotropic. The cylinder is also taken as elastically isotropic, and with a free surface.
Under these conditions the superconductor will have an axially symmetric flux density distribution, B(r), and an azimuthal current density satisfying µ 0 J θ (r) = −B (r). The cylinder experiences the radial body force
In step 1 the deformation is described by a radial displacement u = u(r), and there are only two non-vanishing strain components, e r = u (r) and e θ = u/r, the radial and tangential (hoop) strain, respectively. The relations between the strains, e r , e θ , e z , and the corresponding stresses, σ r , σ θ , σ z , are Ee r = σ r − ν(σ θ + σ z )
where E is Young's modulus and ν is Poisson's ratio. Because of the constraint e z = 0, it follows that
The stresses acting on a volume element are illustrated in figure 11 . The condition of static equilibrium is
which is seen by summing up the forces in the radial direction. As shown in [6] , this elasticity problem can be solved exactly. where the lower limit in the integral can be chosen arbitrarily. For a cylinder with a central hole it is convenient to let a be the hole radius. The constants c 1 and c 2 are then fixed by the boundary conditions σ r (R) = 0 and σ r (a) = 0. For a solid cylinder the second condition is replaced by u(0) = 0 and the integration starts at zero. This formula for u(r) determines completely the elastic state produced by a given flux density profile B(r) as long as the superconductor is confined between the two planes. In step 2, a vanishing resultant force at the end faces is obtained by adding externally the uniform stress − σ z . The new stress modifies the strains by having the term − σ z /E added to e z , and ν σ z /E added to both e r and e θ .
Using all this, the complete stress-strain picture can be summarized as follows for the case of a solid cylinder, 
where ρ ≡ r/R. The dilatation, R/R = e θ (1) , takes the simple form
while the axial strain equals
Note that equation (7) follows immediately from the last two formulae.
To evaluate stress and strain for various stages of a magnetization process, it remains only to determine the flux density B(ρ). In the present geometry this can be done by integrating
where J θ has the magnitude of J c and a sign given by the magnetic history as prescribed by the critical-state model.
Magnetostriction, ∆R/R
In the simplest approximation, one can adopt the Bean model, J c (B) = constant, which gives linear or piecewise linear profiles B(ρ). Evaluation of the integral in equation (19) is straightforward, and explicit formulae for R/R versus applied field have been derived [6] . Figure 12 shows the magnetostriction hysteresis loop when B a is cycled with an amplitude of nearly twice the full figure 4 . However, one discrepancy can be seen, namely that at large and increasing fields the experimental magnetostriction bends away from the strictly linear behaviour predicted by the Bean model. In fact, on several occasions much stronger nonlinearity, and even a peaked behaviour has been observed on the ascending branch [51, 61, 67] . This can be readily understood from the fact that J c in general depends on the local flux density. One dependence frequently used to describe the HTSs is the exponential model [74] ,
where J c0 and B 1 are phenomenological parameters. In this case, the compressive body force, f (B) = J c (B)B, has a maximum at B = B 1 , and consequently also the integral contraction, R/R, will display a peak if B a covers a sufficiently large interval. Figure 13 (upper), shows a halfcycle of the hysteretic R/R calculated using parameter values such that µ 0 J c0 R/B 1 ≡ k = 0.5. The extremum on the increasing field branch occurs at B a /B p = 2.57 or equivalently at B a = 1.04B 1 .
Note that if J c ∼ B −1 at large fields, for example as in the Kim model [75] , the body force for increasing B will approach a constant, and the magnetostriction will saturate. One may show that for J c (B) = J c0 /(1 + |B|/B 1 ) the high-field limit of the magnetostriction equals R/R = −(1 − ν)J c0 RB 1 /3E. The absence of a peak in the Kim model magnetostriction has already been pointed out in [76] , where detailed calculations based on equation (5) can be R129 found. Calculations using a generalized Kim model have also been reported [77] . It is also worth noticing that, irrespective of the particular J c (B) model, the initial part of the ascending field branch (virgin curve) is always parabolic and described by
Measurement of the vertical width of the magnetostriction loop, [ R/R] ≡ ( R/R) ↓ − ( R/R) ↑ , allows quantitative determination of the B dependence of J c . As in the similar and widely applied analysis of magnetization loops, this requires that one compares only fully magnetized and fully remagnetized states at the same B a , see figure 13 . It can then be shown that for a cylinder the following expansion holds [78] ,
for B a B p . In this expansion the leading term represents the Bean model approximation. When the higher-order terms can be neglected it follows that the J c (B a 
) can be inferred directly from the observed loop width [ R/R](B a ).
As shown in [79] , the width of the magnetization loop, M(B a ), can be expanded in a series similar to equation (24) . Also the leading term here corresponds to the Bean model result, which is M(B a ) = 2RJ c (B a )/3, implying that the two loop widths are related by
This has been suggested as a generally valid relation between the hysteretic magnetization and the transversal magnetostriction [49] . However, unlike the magnetization, the pinning-induced magnetostrictive behaviour of a cylinder is not easily generalized to other geometries, such as long prismatic bodies, because of the complexity in their deformation, see also later sections.
Stress and mechanical failure
Ren et al [5] were the first to point out the close correlation between the distribution of pinning-induced stress and the habit of cracking during the magnetization of superconductors. They performed experiments by fieldcooling melt-textured Y123 disks in various fields up to 14 T, and observed that large cracks were created during the ramping down of the field. By modelling the behaviour using two-dimensional elasticity theory and assuming Bean-model magnetic behaviour, they could also explain features seen in the fracture pattern. Their main conclusion was that during the field descent the stress becomes tensile and with a local maximum in the disk centre, where the cracks also appeared to originate from. The mechanical failure of brittle materials under tensile stress can be understood from the classical theoretical work of Griffith [80] and Knott [81] . It is based on an energy argument, where the cost of generating a new free surface by a propagating crack competes with the gain in elastic energy by the relaxation of stress in the region where the crack opens up. The criterion of failure, i.e. when the total energy is lowered by extending the crack, is expressed as a threshold value of the tension,
Here γ is the specific surface energy and D is the size of the crack seed. As is also expected intuitively, the presence of large initial cracks reduces the tensile strength of the material. In HTS materials the variety of imperfections, the microcracks, voids, grain boundaries, second-phase inclusions etc, can all be seeds for the development of large cracks [30, [82] [83] [84] . Hence, to predict where in a bulk sample one finds the highest probability for mechanical failure during a given magnetization process is a convoluted problem involving knowledge of both the stress and defect distribution. Because the latter also tends to be specific for an individual sample, we restrict further discussions primarily to the behaviour of the pinning-induced stress.
While equations (15)- (18) allow evaluation of the stress and strain in a cylinder for any magnetized state, we summarize here only the results for the two common processes used to activate trapped field magnets: pulsed field activation and field-cooling with subsequent removal of the field. For simplicity, we assume that the Bean model describes the magnetic behaviour of the HTS. Then,
is a convenient unit of stress. In all the presented graphs a Poisson ratio of ν = 0.25 was used in the calculations.
Pulsed field activation.
Starting with a flux free superconductor, the turning on of an applied field generates a compressive body force. The stress becomes a compression everywhere, although not uniformly through the cylinder. figure 14 is the development of the hoop stress as B a increases up to twice the full penetration field. In the first stage, B a < B p , the compression grows in a slow and nonlinear fashion. After full penetration the stress distribution continues to develop linearly with B a [6] . The radial stress behaves similarly, except that it is always fixed to σ r = 0 at r = R, giving a slightly steeper gradient in σ r (r) than in σ θ (r). In the centre of the cylinder, where the compression is maximum, both stress components are equal and given by
Shown in
for B a B p . (27) To obtain a final remanent state with maximum trapped flux, B a must be increased to at least twice the full penetration value. Assuming that the field sweep is reversed at the optimum value, B a = 2B p , the distribution of stress during the field descent will develop as shown in figure 15 . A peak of tensile stress moves like a wave from the edge to the centre, following the position of the remagnetization front in the cylinder. For both components, σ r and σ θ , the dashed envelope curve of the peak variation shows that the overall maximum tension occurs before the remanent state is reached. The maxima amount to 1.19σ 0 and 0.98σ 0 for the radial and hoop stresses, respectively. The positions of the maxima show that for this activation process cracking is more likely to start at a considerable distance from the centre.
If the field sweep is reversed at a smaller or larger field than B a = 2B p , the stress behaviour becomes different. The interested reader can find examples of this, as well as explicit expressions for stress and strain profiles, in [6, 27] .
Activation after field-cooling.
By cooling a high-J c superconductor in the presence of a strong magnetic field the Meissner effect is negligible, and the material freezes in a flux density equal to the cooling field B fc . Activation takes place as a large part of this flux remains trapped when the applied field is reduced to zero.
Shown in figure 16 is the development of the flux density (upper) and the hoop stress (lower) during field descent from B fc = B p and down to the remanent state. The stress, which is tensile throughout, displays here a shoulder at the magnetization front. A constant level of tension increases rapidly in the shrinking central part which contains the frozen-in flux density. In the outer part where some flux has escaped, the stress profile has a negative gradient. The radial stress behaves similarly, but with σ r σ θ in the outer part. The central plateaux (where f = 0) are common to both stress components.
The tensile stress during this magnetization process is smaller than in the pulsed field activation. However, considering that only half the field is applied, a maximum stress of 0.774σ 0 is still surprisingly high [6] . It is also worth noticing that if at some stage the plateau level reaches the tensile strength of the material, cracking is equally probable everywhere in this inner region.
To choose an optimum field for activation of a specific HTS sample is difficult since its flux trapping characteristics are a priori not fully known. If too high a field is applied the maximum tension grows rapidly. For the field-cooling route it was shown [6] that when B fc > (4 − 2ν)B p /3 the maximum stress increases with the cooling field as
Hence, with B fc = 2B p and ν = 0.25, tensile stresses as high as 2.28σ 0 are generated.
Hollow cylinder.
In the applications of bulk HTSs the prototypes built so far have largely been based on asgrown HTS disks or tiles placed in various geometrical configurations. However, one sees today that also more sophisticated designs begin to appear. One such example is a magnetically levitated momentum storage wheel for space application, where the bearing consists of conventional magnets and bulk HTSs shaped as cylinders with a concentric hole [94] . Since HTS bulks containing a penetrating hole are expected to be a common component in future designs, a recent theoretical study was devoted to how the pinninginduced stress becomes modified by such a hole [85] . Shown in figure 17 is the hoop stress during field descent after field cooling of a cylinder with a relatively small concentric hole of radius a = 0.05R. The cooling field was B fc = 0.95B p , an optimum choice for full activation in this case. One sees that plateaux of tensile stress are also formed here, and that there are shoulders in the stress profile coinciding with the magnetization front position. Even more striking is the additional rise of the tension as one approaches the hole. The inset shows how the stress at r = a develops during the field descent. The overall maximum hoop stress is in this case as large as 1.41σ 0 , nearly twice as large as compared to the solid cylinder case. The radial stress was found to have no enhancement, and falls instead to zero at r = a as a consequence of the free surface.
The study also showed how the hoop stress enhancement depends on the diameter of the hole. By comparing the stress at r = a and assuming B fc /B p = 1−(a/R), i.e. an optimally chosen B fc , one found that the tensions in a hollow and solid cylinder are related by the simple formula
Interestingly, the stress enhancement only depends on the size of the central hole, and not on any material properties. It follows that for very small holes, a → 0, the ratio approaches 2, while with increasing a the effect of the hole becomes even larger.
Elastic constants.
Like the mechanical strength of the melt-processed RE123 the elastic constants reported in the literature also show a wide variation. Several measurements of the Young's modulus for Y123 have resulted in values falling within the range E = 40-200 GPa [86] [87] [88] [89] . Recently [34] , an E = 370 GPa was observed for 5 mm 3 specimens cut as cubes from a singlegrained Y123 prepared by top-seeded melt-growth using a single-domain Sm123 bulk crystal as seed. The authors attribute the very large E to the 40% excess Y211 phase present in their material. Earlier work has shown that the elastic modulus of the 211 particles is considerably higher than for the Y123 matrix [87] .
For other RE123 compounds there are hardly any measurements reported for the elastic modulus. The exception is Nd123 where E was found to be in the range of 160-190 GPa [90] . The mechanical properties of (Bi-Pb)SrCaCuO, including dense bulk material, have also been investigated [91, 92] .
Only a few measurements of the Poisson ratio have been reported. The value ν = 0.3 has been observed for melt-textured Y123 [87] , while the somewhat lower value ν = 0.255 has also been measured [93] .
In general, the measurements of mechanical properties show that significant local variations as well as anisotropy are part of the real situation in the currently produced RE123 bulks. Therefore, instead of making measurements on small specimens it may for practical purposes be more informative to characterize the mechanical behaviour of the whole largegrain samples. To this end a new approach was recently demonstrated where several strain gauges were attached to the top surface of large disks of Y123 and Sm123 with various contents of Ag [39] . The probing stress was applied by first letting the HTSs be field cooled in B fc = 10 T and then lowering the applied field while the signal from the strain sensors was measured continuously. As shown in figure 16 the ramping down of the field creates an increasing level of uniform tensile stress in the inner part with zero body force.
It follows from equations (15)- (18) that for the Bean model this tension σ = σ r = σ θ is given by [78] 
while the strain e = e r = e θ behaves similarly as
The ratio between stress and strain is nearly constant and close to E/(1−ν), which allows the local stress to be studied, as has been done in [39] .
Rectangular slab
As already mentioned, one cannot directly translate the results for the circular cylinder to the case of a rectangular slab, because the symmetry of the body forces is different. However, the plane strain approach is still equally applicable, although in a slightly modified way. Consider a slab, −w x w, placed in a parallel field B a pointing along z, see figure 18 . The dimension along y is assumed to be larger than 2w, so that the current flows for a large part in the y-direction. We focus first on the central section of the slab, i.e. avoiding the triangular areas where the current flows along the short side to close the loops ( figure 9 ). In the yz-plane the body force is then uniformly distributed, given by f (x) = −sign(x)J c B, and pointing along the x-axis. We assume now (again only for mathematical convenience) that a perfectly smooth and rigid confinement is able to fix the dimension along y and z, while the displacement along x is unconstrained. With e y = e z = 0 together with Hooke's law
it follows that the stress built up between the confining walls and the slab equals σ z = σ y = νσ x /(1 − ν). Here
as in the original analysis of Ikuta et al [1] . It also follows that the strain along x equals Ee x = (1−ν −2ν 2 )σ x /(1−ν). To remove the effect of the confinement, a vanishing resultant external force is obtained by adding the average stresses − σ y and − σ z to the faces normal to the y-and zaxes, respectively. This adds new uniform strains following from equation (32) .
Finally, one must account for the forces originating from the triangular end sections of the slab where J c flows along x, and the body force points in the y-direction. It was shown in [7] that in the central section of the slab these triangular areas give rise to a stress along y given by This uniaxial stress creates yet another set of strains. Note that this contribution to the stress-strain behaviour is independent of how long the slab is in the y-direction. Hence, even in the limit of an infinite slab this additional stress cannot be neglected. As shown in [55] the same expression, equation (34) , also holds if the current loops are closed by semi-circular paths instead of abrupt 90
• turns at the d-lines. The linearity of the problem allows superposition of all the strains obtained in the three-step analysis. The final result, expressed in terms of the flux density, is
Equations (33) and (34) and σ z = 0 describe the stress. The dilatation of the slab thickness becomes w = w 0 e x (x) dx, which integrates to
Comparing with equation (5) one sees that the expressions for the dilatation become identical simply by re-defining the elastic constant c as E/(1 − ν). With this adjustment, all the work done on calculations of magnetostriction hysteresis loops from equation (5) using various J c (B) functions also remains valid for the central part of the slab. From a measurement point of view, it is important to note that the uniform strain along y is identical to the dilatation w/w along x. Equation (35) shows that for the slab a simple relation also exists between the longitudinal and transversal magnetostriction. The above results apply only as long as the shape deformation near the end sections can be neglected. 
Shape distortion
In [72] it was shown that the shape distortion can be treated analytically for the special case where the rectangular slab has a square cross sectional area. By dividing the treatment into an infinite number of deformations produced by infinitessimal filaments of the current, it turns out that each elementary deformation can then be added coherently. This is seen as follows. Consider first the effect of one square current loop, for example the one marked with a bold line in figure 19(a) . The body force f from the loop will act as a uniform twodimensional pressure on the enclosed area. Imagine now that the enclosed area is separated from the outer part of the body. The pressure will then shrink the inner part uniformly, and a gap δg is created, see figure 19 (b). It was shown in [72] that this virtual gap is given by δg(x) = −(1 − ν)E −1 xf (x) dx, where dx is the width of the current filament. The sign of δg is such that when positive it is a void space, and if negative it is an expansion of the inner square. The contribution from this elementary deformation to the strain of the whole body is obtained by recombining, or 'glueing together' the parts on each side of the virtual gap. The result of this is equivalent to generating a pair of orthogonal edge dislocations in each corner of the loop. As each such pair can be replaced by one single dislocation directed along the diagonal, one concludes that the original four-sided gap space can be replaced by two slits of width δG = δg √ 2 forming a cross in the centre, see figure 19 (c). With this transformation the integral effect of the entire force field reduces to adding together such slits, where the result becomes two macroscopic gaps of width
along the diagonal x . The full deformation is now obtained by 'glueing' the material together, as indicated in figure 19(d) .
For clarity, the size of the gaps and the magnitude of the final deformation is highly exaggerated in the illustration. Evidently, the gap G(x ) can be calculated for any flux density profile B(x). For example, in the state where an increasing field reaches the full penetration value in the Bean model (B a = B p = µ 0 J c w) one has
For B a > B p the maximum gap, which is then located in the centre, equals (39) indicating that the waist of the concave cross section will shrink linearly with increasing B a . This parallels the linear contraction of R/R for a circular cylinder along the increasing field branch, see equation (6) . When the applied field starts to decrease the deformation becomes even more complex. Straightforward calculations show that G(x ) then becomes negative near the corner while remaining positive in the central part. Hence, at corners a convexity in the shape starts to develop, whereas the central part of the sides stays concave. During further field decrease the negative G part gradually takes over, and eventually when the superconductor is completely remagnetized a fully convex deformation is established. Figure 20 illustrates the series of shape distortions expected for the cross sectional area during a complete cycle of the applied field. After the shape has become fully convex on the descending field branch, this type of shape persists all the way down to the remanent state. As B a = 0 is approached the corners will tend to restore their original right-angle shape. Then, as B a becomes negative there is again an interval where G(x ) oscillates, thus giving once more a mixed type of deformation. For B a −B p the sample shape follows the same development as during the field increase when B a B p . For the full cycle the entire sequence becomes a generalization of the symmetry relation described in equation (4).
Concluding remarks
In this review I have drawn attention to the interplay between the flux-pinning properties of bulk superconductors and their magneto-elastic behaviour. In the development of melt-processed HTSs and their applications one has today reached a point where the importance of the mechanical response to high magnetic fields is comparable to that of their high critical-current density and the single-domain property. It is at present a challenging goal to improve the field-trapping capability while maintaining mechanical stability of the bulks. One aim of this review was to give an overview of the recent progress in the race for higher trapped fields and the mechanical problems which run in parallel with that. The measurement techniques used for magnetoelastic investigations were mentioned together with the main experimental results. In contrast to single crystals, the meltprocessed materials show a large spread in the reported behaviours, which reflects the fact that uniformity is not yet achieved. One may conclude that this gives good hope for improvements in the magneto-mechanical properties of the bulks in the future.
Another aim has been to present the essence of the work that has been done to model the pinning-induced stress and strain. The cases included in the review-long cylinders and slabs in a parallel magnetic field and behaving in accordance with the critical-state model-represent idealized situations in simple geometries. Nevertheless, like in analyses of hysteric magnetization, one can expect that these simple models offer good estimates and provide a basis for interpretation of experimental data in a number of real situations. Note here, however, that predictions of the quantitative stress and strain for a slab in the regions of shape distortion remain an unsolved problem, which probably requires numerical efforts. It is also worth pointing out that bodies of irregular shapes, like the large grains one finds in melt-processed but not single-domain bulks, will always have shape distortions when magnetized. Hence, for this reason alone, the mechanical connection between the large grains, i.e. for the monolith as a whole, is expected to degrade upon field cycling.
Yet another unsolved problem is the circular disk (cylinder of finite length), where even the penetration of flux and current is complicated and can be modelled only by numerical calculations [95, 96] . Since most of today's meltprocessed HTSs have this shape, it will be of great practical importance to have a detailed quantitative picture of how the stress and strain develop during various magnetization processes. The first step in this direction has been reported very recently [97] .
Considerable anisotropy in elastic properties is clearly documented experimentally for the melt-processed HTSs. This complication to the magneto-elastic behaviour has not yet been analysed. Experimentally, it remains a challenge to perform reliable measurements of elastic constants and mechanical strength at low temperatures, where the pinninginduced stress is active. It also remains unknown to what degree the large non-uniform stress and strain modify the pinning itself [98] or even the superconducting properties. Because of all these interesting questions together with the fact that the mechanical deformation in high magnetic fields is now a central issue in applied HTS reasearch, I expect that an increasing number of papers will be devoted to these topics in the future.
